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CBPM raw button distribution

CBPM raw button distribution looks typically like this simulated one:
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The shape is determined by the the three known sources of errors:
x off-peak sampling
x clock jitter

X electronics noise
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Fitting button distribution

Successfully fitting the distribution could allow things such as:
X button data quality
X in situ uncertainty measurement

X beam centroid modulation measurement

The button distribution’s shape is the result of:

A ) Ofga,in '[Oénoise] B CoSs [Wtj T tO)]

Gaussian Gaussian
distribution distribution
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Sum of convoluted PDF

From Suntao’s work (2021-09-21):

A- Xgain [anqiseq + COS [w_I_ to)]
ST

Probability density function (PDF) Probability density function (PDF) is function g(x)
is @ Gaussian function f(x)

_(x—xo)z (aCOS(x)—ﬁz_ito)z
e 204 e 2(wo) o
f(x) = T g(x) = P e x within [-1,1]
1 A
So the PDF of total equation (product of two functions)is F(z) = f gx)f (—) dx/x (Mellin convolution)
1 x

The analytical form of F(z) is complicated but it can be solved numerically.
So it may be defined as a function or subroutine and used for fitting.
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My implementation of Suntao’s work

50000F random data | Parameters:
40000+ 4 Jltter =10 PS
offset = 0 ps
30000} 4+ omega = 21.500 MHz
#* 1/snr = 10/20,000 = 5e-4

20000 1
10000 1

0_ 1 1 | 1 | 1 1 1 ]

0.9850 0.9875 0.9900 0.9925 0.9950 0.9975 1.0000 1.0025

F(z)

— dat . .
500001 “OMYO 1 Convolution setting:
40000r 1 x integrated over [0.9, 1]

X step = 1e-5
30000 .
+

20000F 1
10000 .

0_I | | | | | | | | ]

0.986 0.988 0.990 0.992 0.994 0.996 0.998 1.000 1.002

F(z)
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My implementation of Suntao’s work

—— random data
—— convo data

F(z)

] ] ] ] ] ] ] ]
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Changing offset from O to 10 ps

—— random data
—— convo data

something is off... -

PDF?
random data generation? _
convolution?

Integration?
L7

U

] ] ] ] ] ]
0.975 0.980 0.985 0.990 0.995 1.000

F(z)
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“brute force” cosine computation




“Brute force” cosine computation

__(acos(m)—wuto)z
e 2(wo)?

wo/2m(1 — x2)

We can just brute force the computation:

Instead of using the PDF:  fy- (y) —

X sample the Gaussian distribution:
> array of jitter+offset values
> array of weights
X compute the cosine of the jitter+offset values
X histogram the results weighting the bin contents with Gaussian weights

x perform the Mellin convolution using the histogram

Hyperparameters:
X sampling step size of Gaussian distribution (typically <0.1 ps)

X number of bins in cosine histogram (typically 100-200 bins)
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Successful approach

jitter=10 ps, offset=10 ps, freq=500 MHz, 1/SNR=10/20,000=5e-4

—— random data
12000 —— cosine brute force

—— cosine PDF
10000 -

8000 7

H
6000 7

4000 i

2000 7

o .

| | | | | | | | |
0.98250.98500.98750.99000.99250.99500.99751.00001.0025
F(z)
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Playing with hyperparameters

jitter=10 ps, offset=30 ps, freq=500 MHz, 1/SNR=8/32,000=2.5e-4

12000
10000
8000

4 6000
4000

2000

12000
10000
8000
6000
4000

2000

—— cosine brute force

| step size = 0.1 ps
. number of bins = 200

1 |
0.985 0.990

F(z)

1 1
0.975 0.980

|
0.995

1
1.000

—— cosine brute force

| step size = 0.05 ps
. number of bins = 100

1 |
0.985 0.990

F(z)

| 1
0.975 0.980
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0.995

|
1.000

12000
10000
8000

* 6000
4000
2000

0

12000
10000
8000
4 6000
4000

2000

CBPM

- —— cosine brute force

- step size = 0.5 ps
number of bins = 100

1 1
0.985 0.990

F(z)

| |
0.975 0.980

1 |
0.995 1.000

T T T T
—— cosine brute force

| step size = 0.05 ps
. number of bins = 200

1 1
0.985 0.990

F(z)

| 1
0.975 0.980

1 |
0.995 1.000
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Validating hyperparameters choice

jitter=10 ps, offset=0 ps, freq=500 MHz, 1/SNR=20/10,000=2e-3

—— random data
10000 —— (osine brute force

8000

step size = 0.01 ps
number of bins = 200

6000

4000

2000

0 - —
| | | | | |
0.985 0.990 0.995 1.000 1.005 1.010

F(z)
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Validating hyperparameters choice

jitter=10 ps, offset=30 ps, freq=500 MHz, 1/SNR=20/10,000=2e-3

—— random data
10000F —— cosine brute force ~

8000 -
step size = 0.01 ps
number of bins = 200

6000 .
4000 _
2000 .
OF -
| | | | | |
0.96 1.01
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Validating hyperparameters choice

jitter=10 ps, offset=0 ps, freq=500 MHz, 1/SNR=8/32,000=2.5e-4

—— random data n
- —— cosine brute force -

step size = 0.01 ps
number of bins = 200

| .

| | | | | |
0.990 0.992 0.994 0.996 0.998 1.000
F(z)
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Validating hyperparameters choice

jitter=10 ps, offset=30 ps, freq=500 MHz, 1/SNR=8/32,000=2.5e-4

12000F i | | | | o
—— random data

10000k cosine brute force -

8000 step size = 0.01 ps ]
number of bins = 200

3 6000 _

4000 _

2000+ )

| g

| | | | | | |
0.970 0.975 0.980 0.985 0.990 0.995 1.000
F(z)
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Fitting pseudo-data

Let’s see how well this approach perform by fitting pseudo-data for:
X jitter

X offset

with the non-fitted parameters:
X frequency is fixed to 500 MHz

X SNR set to a random value for each pseudo-data run

Random drawing of parameters:

X jitter < [8, 12] ps

x offset < [0, 30] ps

X 1/SNR < [8/32000, 20/10000]

Pseudo-data is generated simulating 262,144 turns (i.e. 218)
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Results looking good. The only area of concern is for offset value below 5 ps.

e e |
e |
e |

Results expected to worsen adding two extra fit parameter (frequency and SNR)
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Back to the Maths




Back to the Maths

Clearly, there must be something missing with the cosine PDF

Function of random variables and change of variables in the probability density function |edi;

If the probability density function of a random variable (or vector) X is given asf\,{x), it is possible (but often not necessary; see below) to calculate the probability density function of some variable ¥ = g(.X). This is also
called a “change of variable” and is in practice used to generate a random variable of arbitrary shapejg,m =fy using a known (for instance, uniform) random number generator.

It is tempting to think that in order to find the expected value E(g(X)), one must first find the probability density}ﬁgf‘n of the new random variable ¥ = g(X). However, rather than computing

E (9(X)) = f

yfg(X) (y) dy,
o

one may find instead

E (9(X)) = [

" 4(@) fx(e) da.

The values of the two integrals are the same in all cases in which both X and g(.X) actually have probability density functions. It is not necessary that g be a one-to-one function. In some cases the latter integral is
computed much more easily than the former. See Law of the unconscious statistician.
Scalar to scalar [edit]

Let g : R — IR be a monotonic function, then the resulting density function is

fr() = fx(g ' (v) ‘d%(g‘l {y))‘ :

Here g_' denotes the inverse function.

This follows from the fact that the probability contained in a differential area must be invariant under change of variables. That is,

|fr (y) dy| = | fx (x) dz|,

or

d

#rl) =| | 150 = |4 @) £x@) = | £ @ )| 5267 0) = |0 W] £x(6 7 0):

For functions that are not monotonic, the probability density function for y is

nly)
> =t (y)‘ fx (9. (%),

= ldy

f Wikipedi
where n(y) is the number of solutions in x for the equation g(o:) =y, and g;l (y) are these solutions. ro m I I pe Ia
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https://en.wikipedia.org/wiki/Probability_density_function#Scalar_to_sc

Back to the Maths

Let’'s zoom in on the case for our non-monotonic cosine function:

For functions that are not monotonic, the probability density function for y is

n(y)

Z

k=

y)‘ fx (g, " (v))

where n(y) is the number of solutions in x for the equation g(x) = y, and ggl (y) are these solutions.

we have: g(az') = COS(w($ + 750))

_ (z—=zg)?
(& 2052

where:  fx () o

Solution(s) to g(:E) =y 7
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Solution is:

acos(y) — wtg + 2mn

Lr1 =
w

which leads to Suntao’s formula:

__(acos(y)—wut0)2
e 2(wo)?

wo/2m(1 — y?)

Iy (y)n:1 —
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More solutions?

But there is a second solution:

~acos(y) — wty + 2mn

Lo =
W

which leads to:

__(-acos(y)—-wto)2
e 2(wo)?

wo/2m(1 — y?)

Iy (y)'n,:2 —
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Full solution

Thus the full solution is:

fy(W) =y (¥)p=1 /v (¥)p—o

__(acosiy)—;gt0)2 __(-acoséy);;ut0)2

e 2(wo e 2(wo

fy(y) = |
2 wo/2m(1 — y?) | wo/2m(1 — y?)

and we were missing the second term until now
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All Is well now

jitter=10 ps, offset=10 ps, freq=500 MHz, 1/SNR=10/20,000=5e-4
| | | | | | | |

—— random data

12000 gsine brute force |

—— cosine PDF
10000 -

8000 7

6000 7

4000 7

2000 7

O_ -

| | | | | | | |
0.98500.98750.99000.99250.99500.99751.00001.0025
F(z)
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Next steps

Compare results from “brute force” and PDF approach:
X accuracy? Precision?

X speed?

Estimate performance for full fit;
X jitter

X offset

X SNR

x frequency

If meaningful results, adjust method to fit real data and give it a try:
x fit without constraints
x fit with known constraints (e.g. SNR)

X change offset and see how the method tracks or not
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Additional materials
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